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A perpendicular ray of triple systems of order v (or, a PATS(v)), is a ~v(v - 1) by 4 array, 
the rows of which form a (v, 4, 2)-BIBD, such that the rows of any of the four ~v(v - 1) by 3 
subarrays form a (v, 3, 1)-BIBD. We prove that a PATS(v) exists for all v - 1 (rood 6), v 1> 19, 
with four possible exceptions v = 43, 55, 87, 133. 
1. Introduction 
A Steiner tripe system is a pair (X, ~), where X is a finite set of elements called 
points, and ~ is a set of 3-subsets of X called blocks, such that every pair of 
distinct points is contained in a unique block. IX I is called the order of the Steiner 
triple system; we write STS(v) to denote a Steiner triple system of order v. We 
say that an STS(v) can be nested if there is a mapping f :~-- -~X such that 
(X, {B Of(B) :B e ~})  is a BIBD with k = 4 and 3. = 2. An STS(v) can be nested 
only if v =1 (mod6). Quite recently, it was proved in [5] that, for all 
v -= 1 (mod 6), there exists an STS(v) which can be nested. 
A stronger property was defined by Mendelsohn in [4]. A perpendicular array 
of triple systems of order v (or a PATS(v)) is a 16v(v - 1) by 4 array T (of points 
chosen from a set X of size v) such that: 
(1) the rows of T form a (v, 4, 2)-BIBD; 
(2) For any subarray T' consisting of 3 columns of T, the rows of T' form an 
STS(v). 
We can describe this property in terms of nestings by saying that any column 
determines a nesting of the STS induced by the other 3 columns. The necessary 
condition for existence is again v -- 1 (mod 6). 
The following results are proved in [4]: 
1. There does not exist a PATS(7) or PATS(13). 
2. There exists a PATS(v) for v e {19, 25, 31, 49, 61, 67}. 
3. There exists a constant M such that, for all v > M, v ~ 1 (mod 6), there exists 
a PATS(v). 
(The existence of such an M follows from Wilson's results on PBD-closure [8]; 
however, any M provided by these results would be extremely large.) 
The main result of this paper is to determine a specific value of M. We prove 
that a PATS(v) exists for all v -=- 1 (mod 6), v t> 19, with four possible exceptions, 
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namely v • {43, 55, 85, 133}. This is accomplished by means 
construction in finite fields (to construct small examples), and 
2) a recursive construction based on group-divisible designs. 
of: 1) a direct 
2. Direct constructions 
In [4], the following finite field construction is given. Suppose v = 6t + 1 is a 
prime power, and let F = GF(v) have x as a primitive element. For i = 0, 1, 2, we 
have the cyclotomic lasses Ci = {x3j+i :0 ~< j < 2t}. We define H = {x3J: 0 ~< j < t}; 
observe that Co = H U ( -H) .  
Given a, b •F ,  we define a ~v(v -1)  by 4 array T(a, b) having rows 
(y, x + y, ax + y, bx + y), x • H, y e F. It is easy to see that T(a, b) is a PATS(v) 
provided a e C1, b • C2, a - 1 • C2, b - 1 • C1, and a - b • Co. (in [4], it is also 
stated that we should have a -  b ~ +1, a + b ~ + 1, but this is not a necessary 
requirement.) In [4], these conditions were checked in fields up to order 67. It 
was found that suitable a, b exist for v = 19, 25, 31, 49, 61, and 67, and suitable 
a, b do not exist for v = 17, 13, 37, and 43. In fact, there is no PATS(7) or 
PATS(13), but we will construct PATS(37) by other methods, later in this 
section. (Note also a PATS(l)  exists trivially.) 
First, we present values for a, b, in several other fields of small order. These 
are given in Table 1. 
We have mentioned that this method does not work for v = 37, 43. For v = 37, 
we have found a PATS, using six cyclotomic classes rather than three. A 
PATS(37), in GF(37), is given by 
(y, x +y,  22x +y,  33x +y ) 
(y, 8x + y, 5x + y, 28x + y) ~x = 1, 27, 26, 0 ~< y ~< 36. 
We have been unable to find a PATS(43). 
Table 1 
Finite field constructions for PATS(v) 
primitive 
v element a b 
73 5 15 6 
79 3 51 29 
103 5 7 87 
109 6 61 15 
127 3 92 82 
157 5 96 110 
163 2 16 148 
181 2 16 15 
271 6 6 92 
277 5 71 29 
367 6 195 224 
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Summarizing the results of this section, we have 
Theorem 2.1. There exists a PATS(v), for  v • {1, 19, 25, 31, 37, 49, 61, 67, 73, 
79, 103, 109, 127, 157, 163, 181, 271, 277, 367}. Further, there does not exist a 
PATS(7) or PATS(13). 
3. Recursive constructions 
Our main tool is a recursive construction based on group-divisible designs. A 
group-divisible design (or GDD) is a triple (X, ~0, ~t), where X is a set of points, 
is a partition of X into subsets called groups, and ~ is a set of blocks, such 
that: (1) a group and a block contain at most one common point, and 
(2) any two points from distinct groups occur in a unique block. 
We say that (X, ~, ~t) has group-type t~'t~ . . .  , where there are precisely ui 
groups of size ti, i = 1, 2, . . . .  
The GDD construction is based on the following ingredient. Given four points 
w, x, y, z define T(w,x ,y ,z )  to be the 8x4  array on point-set 
{Wo, wl, Xo, xl,  Yo, Yl, Zo, zl}: 
m u 
Wo xl Yo z~ 
Xo Wo Zl Yl 
y~ Zo Wo x1 
Zo Yo Xo Wo 
Wl Xo Yl Zo 
xl w~ Zo Yo 
Yo zl w~ Xo 
Zl Yl Xl Wl 
T(w, x, y, z) = 
This array is the group-divisible analogue of a PATS. It enjoys the following 
properties: 1) the rows form a GDD with group-type 24 and ). = 2, and 
2) for any subarray T' consisting of 3 columns of T, the rows of T' form a 
GDD with group-type 24 and ). = 1. 
Construction 3.1. Suppose (X, ~O, ~t) is a GDD in which every block has size 4. 
Suppose also that there exists a PATS(2 ]GI + 1), for every G • (O. Construct he 
following array on point-set {Xo, xl: x • X} O {oo}. For every block A • ~t, take 
T(A), where the points in A are arbitrarily ordered. For every group G • ~3, take 
a PATS(2 IGI + 1) on {Xo, xl: x • G} O {oo}, say T'(G). Then the array T = 
(UAE~T(A) )O(UoE~T' (G) )  constructed by juxtaposing all the constituent 
arrays vertically, can easily be shown to be a PATS(2 IXI + 1). 
In order to apply Construction 3.1, we need to be able to construct GDDs with 
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block-size 4. We use Wilson's Fundamental Construction for GDDs [9], which we 
record as 
Constrnction 3.2. Suppose (Y, ~, ~)  is a GDD, and define w:Y--~7/+U {0}. 
For every yeY ,  let X(y) be a set of size w(y). For every Be~,  let 
(Uy~sX(y), {X(y):y e B}, A(B)} be a GDD with blocks of size 4. Then 
(I,.Jy~vX(y), {[._Jy~nX(y): H e ~}, Us~A(B) )  is a GDD with block-size 4. 
As a Corollary, we obtain the following 
Lemma 3.3. Suppose there is a transversal design T(5, m) and 0 <~ t <<-m. I f  there 
exists PATS(6m + 1) and PATS(6t + 1), then there exists a PATS(6(4m + t) + 1). 
Proof. Deleting a point from a (13, 4, 1)-BIBD yields a GDD with group-type 34 
and block-size 4. Deleting a point from a (16, 4, 1)-BIBD yields a GDD with 
group-type 35 and block-size 4. Now apply Construction 3.2 to a TD(5, m), as 
follows. The TD(5, m) is a GDD (Y, ~, ~) with 5m points, group-type m 5 and 
blocks of size 5. Give m - t points in one group weight 0, and give all other points 
weight 3. Using the GDDs of group-type 34 and 35 as ingredients, we obtain 
(X, ~, ~) ,  a GDD with 3(4m + t) points, having group-type (3m)4(3t) 1, and 
block-size 4. Now, apply Construction 3.1 to (X, ~, ~t). The result follows. [] 
It is well-known that there exists a TD(5, m) if m i> 1, m ~ 2, 3, 6, 10, 14 (see 
[7] for a complete proof of this result). If we denote P = {n t> 1" there exists a 
PATS(6n + 1)}, then we have 
Lemma 3.4. Suppose m ~ 2, 3, 6, 10, 14, and 0 <<- t <<. rn. I f  {m, t} ~_ P, then 
4m+teP .  
From Section 2, we have 
Lemma 3.5. {0, 3, 4, 5, 6, 8, 10, 11, 12, 13, 17, 18, 21, 26, 27, 30, 45, 46, 61} c_ P. 
Table 2. Applications of Lemma 3.4 
m t 4m +t  
4 0, 3, 4 
5 0, 3, 4, 5 
7 0 ,3 ,4 ,5 ,6  
8 0 ,3 ,4 ,5 ,6 ,8  
9 0, 3, 4, 5, 6, 8 
11 0, 3, 4, 5, 6, 8, 10, 11 
12 0, 3, 4, 5, 6, 8, 10, 11, 12 
13 0, 3, 4, 5, 6, 8, 10, 11, 12, 13 
16, 19, 20 
20,23,24,25 
28, 31, 32, 33, 34 
32, 35, 36, 37, 38, 40 
36, 39, 40, 41, 42, 44 
44, 47, 48, 49, 50, 52, 54, 55 
48, 51, 52, 53, 54, 56, 58, 59, 60 
52, 55, 56, 57, 58, 60, 62, 63, 64, 65 
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Applying Lemma 3.4 with m = 4, 5, 7, 8, 9, 11, 12, and 13 (Table 2) yields 
Lemma 3.6. /f 0 ~< n ~< 65, then n • P,  unless n • {1,2, 7, 9, 14, 15, 22, 29, 43}. 
Three of the exceptions in Lemma 3.6 can be eliminated. 
Lemma 3.7. {15, 29, 43} ___ P. 
Proof. First, there exists a GDD on 45 points with group-type 95 and blocks of 
size 4, by [1]. Using PATS(19), we apply Construction 3.1, yielding a PATS (91), 
so 15 • P. 
Next, we take a T(6, 5) and define a weighting which gives two points in a group 
G weight 6, all other points in G weight 0, and all points not in G weight 3. We 
apply Construction 3.2 using as ingredients GDDs with group-types 35 and 3561 
and block-size 4 (this second GDD exists from [2]). We obtain a GDD on 87 
points, with group-type 155121 and block-size 4. Now, apply Construction 3.1 
(with PATS(31) and PATS(25)), to obtain a PATS(175). Hence, 29 • P. 
Finally, we start with a (45, 5, 1)-BIBD which contains a parallel class [3]. If we 
regard the blocks in the parallel class as groups, we have a GDD with group-type 
59 and block-size 5. Give two points in one group weight 0, and give all other 
points weight 3. Apply Construction 3.2 with GDDs of group-types 35 and 34 and 
block-size 4, obtaining a GDD on 129 points, having group-type 15891 and 
block-size 4. Since there exist PATS(31) and PATS(19), Construction 3.1 may be 
applied, yielding a PATS (259). Hence, 43 • P. [] 
Hence, we have 
Lemma 3.8. / f  0 <~ n <~ 65, then n • P, unless n • {1, 2, 7, 9, 14, 22}. 
We can now construct PATS of all larger orders. 
Theorem 3.9. ff n ¢ { 1, 2, 7, 9, 14, 22}, then n • P 
(i.e., there exists a PATS(6n + 1)). 
Proof. By induction on n. We may assume n i> 66, in view of Lemma 3.8. Write 
n = 4m + t, where t = 0, 3, 5, or 6. Then m >I 15 so a T(5, m) exists. If m 4= 22, 
then m e P by induction, so Lemma 3.4 may be applied, giving n • P. 
We have to handle separately the four values n = 88, 91, 93, 94. We apply 
Lemma 3.4, using the equations 88 = 4.21 + 4, 91 = 4.20 + 11, 93 = 4.20 + 13, and 
94=4.21+ 10. [] 
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4. Remarks 
The exceptional values v = 43, 55, 85, 133 for which PATS(v) are not known 
to exist do not seem to be constructible by means of the recursive constructions 
described in this paper. Hence, they will most likely have to be constructed 
directly. 
In [4], Mendelsohn conjectures that the number I(v) of non-isomorphic 
PATS(v) tends to oo as v---> oo. In fact, the techniques in [6] can be applied, in 
conjunction with the recursive constructions described in this paper, to prove that 
l(n) >i Cl ec2''2, for positive constants cx, c2. 
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